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Abstract 
It is well known that the complexification of the complement of the arrangement of reflecting 
hyperplanes for a finite Coxeter group is an Eilenberg-MacLane space. In general, the cohomology 
of the complement of a general complex arrangement is well behaved and well understood. In this 
paper we consider the homotopy theory of such spaces. In particular, we study the Hurewicz map 
connecting homotopy and homology. As a consequence we are able to derive understanding of 
the “obstructions” to such spaces being Eilenberg-MacLane spaces. In particular, in the case of 
arrangements in a three-dimensional vector space, we find that whether or not the complement is 
Eilenberg-MacLane depends solely on its fundamental group. 0 1997 Elsevier Science B.V. 
Keywords: Arrangement of hyperplanes; Group cohomology 
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1. Introduction 
An arrangement of hyperplanes A (or simply an arrangement) is a finite collection 
{H,.H? . ...) I&} o complex codimension one subspaces of an !-dimensional complex f 
vector space 1’. We let M = V \ U Hi. Our concern in this paper is the homotopy 
theory of the complement M. Interest in such questions goes back to work of Fox and 
Neuwirth [lo], where it was shown that the pure braid arrangement corresponding to 
the reflecting hyperplanes for the symmetric group has aspherical complement. (We will 
use the terms aspherical, K(T, l), and Eilenberg-MacLane interchangeably to refer to 
spaces all of whose higher homotopy groups vanish.) Subsequent work of Amol’d [l], 
Brieskorn [5], and Deligne [8] showed that any arrangement which is the complexifi- 
cation of the reflecting hyperplanes of a real reflection group is aspherical. For general 
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complex arrangements one can easily find both nonaspherical examples and other as- 
pherical examples, but the general question of determining asphericity is unsolved. We 
refer to [9] for a survey of the problem. 
The cohomology H*(M) IS well understood, since it is isomorphic to the Orlik- 
Solomon algebra [ 161. As a general reference, see the book by Orlik and Terao [ 171. In 
addition, the fundamental group of M is reasonably well understood: one can write down 
a group presentation (see [ 181 for the case of the complexification of a real arrangement 
and Arvola [2] for the general case). If A4 is to be an Eilenberg-MacLane space, therefore, 
H* (n/r) must behave like the cohomology of ~1 (M), or conversely, the group 7rt (M) 
must have group cohomology which looks like the cohomology of the arrangement. 
Our main technical tools are Zariski-Lefschetz type theorems for generic sections, the 
absolute and relative Hurewicz homomorphisms, and Hopf’s theorems for cohomology 
of groups. 
In Section 2 we examine homotopy properties of sections of arrangements. This is 
in the spirit of the “deletion-restriction” theorem [17, p. 461 which is a key tool in the 
computation of the cohomology of the arrangement. For restrictions to a generic section 
we find (Theorems 2 and 3) that an appropriate inclusion map induces isomorphisms on 
homotopy groups in a certain range. Thus the pair is highly connected, and the relative 
Hurewicz homomorphism is an isomorphism at a certain level. This result is used to 
draw conclusions about asphericity. 
In Section 3 we consider the absolute Hurewicz homomorphism 
(p3 : 7rj(M) + H,(M). 
It is known [l] that the cohomology of M is generated by cup products of degree one 
classes, a property we call “toroidal”. It follows from this (Theorem 10) that cpj = 0 for 
j > 2. On the one hand, this result might be discouraging, since it says that we cannot 
expect to see any remnant of higher homotopy groups in homology. On the other hand, 
it might be encouraging, since it suggests that conditions may exist for higher homotopy 
groups to vanish. 
At any rate, the Hurewicz homomorphism occurs in well-known exact sequences of 
Hopf, used in studying group cohomology. In Section 4 we examine the consequences 
obtained from knowledge of the absolute and relative Hurewicz maps. We show, for 
example (Theorem 14), that the second cohomology of the fundamental group of the 
complement of an arrangement is determined by the intersection lattice of the arrange- 
ment, and is always isomorphic to the second cohomology of the arrangement. 
Finally in Section 5 we examine necessary and/or sufficient conditions for M to be 
aspherical. In the general case we are successful with necessary conditions, as well 
as with some sufficient conditions. In the case of arrangements in a three-dimensional 
vector space, we show (Theorem 20) that M is aspherical if and only if 7rl (M) has 
cohomological dimension three and is of finite type. These conditions depend only on 
the group ?rt (M), so as a consequence in dimension three asphericity of the arrangement 
is determined solely by properties of the fundamental group. 
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2. Generic sections of arrangements and the relative Hurewicz homomorphism 
In the study of the (co)homology of arrangements, the notion of “deletion-restriction” 
has been quite successful. The basic object for such considerations is a triple of ar- 
rangements (d, A', A"), which we now define. We start with an arrangement A = 
{fforH1,ff2,.~~ 1 H,}. One may regard the hyperplane HO as distinguished, and con- 
sider the arrangements A' = {IT,, H2: . . , H,,} and A" = AH", the restriction of A 
to HO. Thus A"" is defined as the arrangement in the vector space HO consisting of 
the hyperplanes HO fl H, for i = 1,2, . , R. We denote the complements with the cor- 
responding notations M, Al’, Al”, and note that there are inclusions i : M + M’ and 
j : 151” + Al’. In [17, Theorem 5.871 it is shown that there are split short exact sequences 
0 --t H”+‘(M’) 4 H"+'(M) 4 Hk(M") -+ 0. 
This result is a key step in the computation of the cohomology of M. 
Throughout this paper we assume that the arrangement is essential, that is, that the 
intersection of the hyperplanes is the origin of V. Since any nonessential arrangement can 
be written as a product of a vector space with an essential arrangement, this assumption 
is not restrictive. 
Our goal in this section is to study the second inclusion j : M” --f M’. Under ap- 
propriate conditions, that HO be “generic” with respect to A', we show that j induces 
isomorphisms on higher homotopy groups. This then yields vanishing of relative ho- 
motopy groups in a certain range, and thus isomorphisms of relative homology and 
homotopy groups within similar ranges. We then note some consequences for homotopy 
groups of arrangement complements. 
Here is some notation. Suppose that the hyperplane Hi is defined as the kernel of the 
linear form o,, and set o = QI 02 . . . art and IV@ = rr-‘(8). Thus M’ = Ce - \Vo. 
2.1. Generic hyperspaces 
We wish to give a precise definition of genericity with respect to A' = {HI. Hz9 . . . 
H,}. Let X be an element of the lattice of the arrangement A'. That is, X is a subspace 
which is the intersection of some collection of the H,. The lattice of the arrangement is 
defined as the partially ordered set of all such intersections of hyperplanes of A', ordered 
by reverse inclusion. 
Definition 1. A hyperplane HO is generic with respect to A' provided that for every 
element X of the lattice of the arrangement A’ (except the lattice element (0)) the 
codimension of X in V equals the codimension of X n Ho in HO. 
Equivalently, HO contains no element X of the lattice, except (0). 
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Theorem 2. Suppose the hyperplane HO is generic with respect to A’ = {HI, HZ, . , 
H,}, an arrangement in the l?-dimensional vector space V. Then the homomorphism 
j, : 7rj (M”) + “j (“‘) 
is an isomorphism for j < l - 2, and an epimorphism for j = l - 2. 
Now suppose that HO is defined as the kernel of the the linear form ~0. Then we 
consider the affine hyperplane He = a;’ (e), for nonzero 0 sufficiently close to 0. Let 
Mi denote the complement of the restriction of A to He. 
Theorem 3. Suppose the hyperplane Ho is generic with respect to A’ = {HI, Hz, . . . ! 
H,}, an arrangement in the l-dimensional vector space V. Then the homomorphism 
j, : 7rj (M(y) 4 “j (“‘) 
is 
(i) an isomorphism for j < l - 1, and 
(ii) an epimorphism for j = e - 1. 
Proof. Both theorems follow from [12, ThCor&me 0.2.11. In that work the authors show 
that the inclusion-induced maps are isomorphisms, provided that HO is an element of a 
certain Zariski open set ‘,V of hyperplanes. (Here ‘Ft depends on the arrangement A’.) 
Setting G equal to the set of hyperplanes generic (in our sense) with respect to A’ = 
{HI, Hz, . . , H,}, we note that 6 n ‘FI must be nonempty, since it is the intersection of 
nonempty Zariski open subsets of an irreducible variety. Thus by [12] the theorems hold 
for some Hh E G n ‘FI. Since G is path-connected, we may connect HO with Hh via a path 
of hyperplanes in 6. We regard such a path as a lattice-isotopy of arrangements (see [ 191). 
Thus by the main result of [19] the complements of AH0 and AHA are diffeomorphic 
through an isotopy in M’, giving the theorems. 
An alternate proof consists of verifying that the condition that HO is generic with 
respect to A’ implies that HO is an element of the Zariski open set 7-f of that result. That 
is, we show 6 c ‘Ft. To sketch this, we briefly discuss the construction of this Zariski 
open set ti, and refer the reader to [12, pp. 325-3301 for more details. 
First, one stratifies the analytic set WCJ = a-‘(O) in a particular way (a “bonne” or 
“good” stratification). Then one essentially removes limiting tangent spaces of sequences 
in various strata converging to the origin from the set of all hyperplanes. In addition, for 
every point z E HQ = 00’(e), for 19 sufficiently close to 0, one must guarantee that the 
restriction of the Hessian of ~1: to the tangent space to HO at z is nondegenerate. 
Strutlfying WO. Let X be an element of the lattice of the arrangement. Thus X is an 
intersection of some subset of the hyperplanes of the arrangement. For each such X we 
define a stratum of the stratification as the set of all points of X which are not in any 
other lattice element contained in X. It is easy to see that the collection of such strata 
form a stratification of WO. The closure of the stratum associated to X is simply X itself. 
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Good stratification. A stratification of JVa is good (= “bonne” of [12]) provided that 
for every sequence x, of points of V - T4{, converging to a point of we for which 
the sequence of tangent hyperplanes to IV,,,, at 2: converges to a hyperplane T, the 
hyperplane T contains the tangent plane at z to the stratum of the stratification which 
contains x. The stratification we have given above consists of open subsets of linear 
spaces, and is clearly good. 
Further conditions. Following [ 121, for any lattice element X we set 3x equal to the 
set of limits of sequences of tangent spaces to X at sequences of points of X converging 
to 0 E C”. Clearly 3~ = {X}. We then set ‘J-ix equal to the set of hyperplanes of C’ 
which do not contain a plane in 3~. That is, xx consists of all hyperplanes in C” which 
do not contain X. We then set Ha equal to the intersection of the ‘?fx, taken over all X 
in the lattice of the arrangement, except X = (0). Then 7-10 is clearly a Zariski open set 
in the set of all hyperplanes in Cc. 
Hessian condition. To ensure that the Hessian form of second derivatives restricted to 
certain tangent spaces is nondegenerate, we must consider the Jacobian blow-up of u: at 
0. Associated to this blow-up is a map ?r : Closure(Graph@) + C’, where @ = grad(o). 
Since our arrangement is central and essential, r-r (0) = CPe-‘. We wish to consider 
the Zariski open set ‘Ft’ of 0 x CP’-’ consisting of those points LT’ for which the smooth 
part of Closure(Graph@) - (0) x CP’-’ satisfies Whitney’s condition (a). But one may 
show that 7-t’ = CPe-‘. 
Finally, the desired Zariski open set in the Hamm-L& result is ‘R , the set of hyper- 
planes in ‘Ifa orthogonal to the directions conjugate to those of ‘FI’. Since 3-1’ = CP’-‘, 
‘Ft=;Flo. 0 
Corollary 4. If Ho is generic with respect to A’ = {HI, Hz, , H,}, then 
7r,(M’, M”) z 0 
Corollary 5. If Ho is generic with respect to A’ = {HI, HI, . H,}, then 
,forj <!- 1. 
Proof. We prove the first corollary; the proof of the other is similar. Consider the long 
exact sequence of the pair (M’, AI”): 
For j < f? - 2, the theorem shows that the homomorphisms n.j(M”) + rrj(M’) and 
nJ _ , (M”) --f 7rJ_ 1 (M’) are isomorphisms and the result follows. For j = e - 2 the first 
of these is an epimorphism and the second an isomorphism, again giving the result. cl 
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2.3. The relative Hurewicz theorem 
Next we apply the relative Hurewicz theorem [4, p. 4781. Recall that there is an action 
w of the fundamental group on higher homotopy groups. The group rrz(X, A) is the 
quotient of rr,(X, A) by the subgroup generated by elements of the form w(b) - b. From 
the results of the corollary above and the relative Hurewicz theorem we have 
Corollary 6. H, (M’, M”) = 0 f or n < e - 1, and the Hurewicz homomorphism 
he-1 : $_, (M’, M”) + He-1 (M’, M”) is an isomorphism. 
Corollary 7. H,(M’, M,$‘) = 0 for n < J, and the 
he : TT; (M’, M[) + He(M’, M:) is an isomorphism. 
2.4. Examples 
Hurewicz homomorphism 
Let us consider the particular case ! 2 4. Then from the above we know that the 
fundamental groups of M’ and M” are isomorphic and that 
j, : rj (M”) + rj (M’) 
is an isomorphism for all j < e - 2. Actually, we know that nj(M’, M”) 2 0, for 
j < P - 2. Also, we know that Hj(M’, M”) = 0 for j < e - 2, and that the Hurewicz 
homomorphism 
he_, : YT_, (M’, M”) --+ Hy_, (M’, M”) 
is an isomorphism. 
Recall that we assume M’ is essential. That is, the intersection of the hyperplanes 
of M’ is just the origin. Then by computations involving the intersection lattices and 
Mobius functions [17], we see that 
j, : He-, (M”) + He-, (M’) 
is an injection which is not onto. A more direct argument suggested by the referee is: the 
Betti numbers satisfy bi (MI’) = bi( M’) for 0 < i < e - 2, be(M”) = 0, be (M’) # 0, 
and both M” and M’ have Euler characteristic zero, so be_;?( M”) < bg_~(M’). In any 
case He-1 (M’, M”) is nontrivial and consequently $_, (M’, M”) is nontrivial. Thus 
we obtain 
Proposition 8. rf M’ is the complement of an essential !-arrangement (e 3 4) and M” 
is associated to a generic section, then either re-1 (M’) $ 0 or 7re_z(M”) $0. 
We will later see the situation for e = 3. 
Consider for example A’ = 04, the reflection arrangement for the associated Coxeter 
group. Specifically, the defining form is 
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Defining the Poincare polynomial of a space X as usual by PX (t) = c &(X)ti, where 
the b, are Betti numbers, we have &r(t) = 1 + 12t + 50t* + 84t3 + 45t4. Also, 
one may compute P,,, (t) = 1 + 12t + 50t2 + 39t”. In addition, one may show that 
H3 (Al’, AT”) e 245 CY rr; (Al’. Af”). Since AI’ is Eilenberg-MacLane, it follows from 
the long exact sequence of the pair that $ (Al”) Y 2”“. One may generalize this example 
to obtain the following 
Proposition 9. Suppose A’ is an essential e-arrangement, e 2 4, A” a generic sec- 
tion. Then 7r_, (M’, M”) N z be(hf’) In particulal; if M’ is Eilenberg-Madune, . 
7r;_*(nr”) !? Zb’@J’). 
One may guess that in fact 7r~_2(N”) would be a free ZTTTI (M”)-module of rank 
bo(Al’), but this is not known. 
3. The absolute Hurewicz homomorphism 
In this section we consider the absolute Hurewicz homomorphism 
where M is an arrangement complement. 
Theorem 10. Let M be the complement of a central arrangement. Then for all j > 2, 
the Hurewicz homomorphism hj : rj (M) --) Hj(M) is the zero homomorphism. 
- 
Proof. Fix :, > 2. Let p : Ad + Ad be the universal cover of M. Then of course p induces 
isomorphisms on higher homotopy groups, and by the naturality of the Hurewicz map 
we have a commuting diagram 
We also have j-fold cup product maps U and zi respectively, which fit into another 
commutative diagram 
HJ(@aH’(G) x ... x H’(G) 
t 
P' 
t 
p*x...xp- 
Hj(M) AH’(M) x ... x H’(M). 
We now use the crucial fact [5] that the cup product map U is a surjection for arrange- 
ment complements. Since H’(z) N 0 and U is surjective, it follows from the second 
diagram above that the map p* : Hj (M) + Hi(E) is the zero map. Then from the 
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naturality of the universal coefficient theorem we see that p, : H3 (&?) + H?(h!f) is the 
zero homomorphism also: 
0-Ext(H+, (M), 2) -HJ(M) -Hom(H,(M), 2) -0 
1 
Wp* 1 
1 
P* 
1 
Hom(p* 1 
0-Ext(H,_, (G), 2) - HJ (&f) ---+Hom(H,(z), 2) -0. 
Recall that HJ (M) is free. 
Since for j 3 2 the covering map p induces isomorphisms p, : rj (%) + n?(M), it 
follows from the diagram 
that h,i is the zero homomorphism. 0 
Hattori [13] has given a good geometric description of some nontrivial higher homo- 
topy classes. For a quick description of a nontrivial element of rz(M) for the arrangement 
defined by zyz(z + y - z), see [17, Example 5.241. In this particular example, ~Q(M) 
is a free Znr-module of rank one, so that n;(M) 2 2. 
From Hattori’s geometric description it is easy to see that the Hurewicz map is zero 
in this case. 
Proposition 11. Suppose we have a generic pair (M’, M”) of arrangements. Then there 
is 
(i) a surjective inclusion-induced homomorphism 
i, : 7r_, (AI”) + 7r_, (M’) 
and 
(ii) a short exact sequence 
0 --f 7r_, (M’, M”) + 7$&P’) --f 7r;_&W) + 0. 
Comment. This short exact sequence may be replaced by either of 
0 + Hl_, (M’, M”) + &(&I”) --) YT;_&~‘) + 0 
or 
0 + Zbe-‘(“‘) + 7$&W’) --) 7&&W) + 0. 
Proof. Consider the commuting diagram 
+$(M”) --M,*(M) - 7r; (M’, M”) -7r;_, (M”) -?r_, (M’) - 
k 1 LJ 1 lo 
--+H#f”)-H#f’)-H#f’,M”) - H3 (AI”) --+Hj(M’) - 
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where the vertical maps are Hurewicz homomorphisms, all of which are zero by the 
above, except for the middle one. With j = t - 1, the middle vertical homomorphism 
is an isomorphism. Thus the result follows, since the map rr_, (N’) --t n;_, (M’, nf”) 
must be the zero homomorphism. 
In the same way follows the left-hand zero of the short exact sequence in the first 
exact sequence of the comment. The right-hand zero follows from Corollary 4. 0 
4. 
Let Y be a connected CW-complex with 7ri(Y) = 0 for 1 < i < j. Then 
there is an exact sequence 
where the homomorphism h, is induced by the Hurewicz map. 
We wish to use this result with Y = 121. To this end, we note that M has the homotopy 
type of a finite CW-complex. Indeed, Al is a Stein space of dimension .& and thus has the 
homotopy type of an e-dimensional CW-complex. Alternatively, one may note that the 
cyclic n-fold cover of U/C* is the Milnor fiber F associated to the defining polynomial 
of the arrangement (see Section 5). Milnor [15] shows that F has the homotopy type of 
an !-dimensional CW complex, hence hf does also. 
Theorem 13. Let IV’ be an arrangement complement. Then Hz(M) E Hz(~~I(M)) N 
ZP, where p = C(rp - l), the sum taken over all codimension-two intersections P of 
hyperplanes, with rp equal to the number of hyperplanes intersecting in the subspace 
P. Hence the second cohomology group of the group ~1 (M) depends solely on the rank 
two portion of the intersection lattice of the arrangement. 
Proof. The first isomorphism follows from Hopf’s sequence for j = 2, and the nullity 
of the Hurewicz homomorphism. The second is a straightforward calculation from the 
Orlik-Solomon algebra. q 
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More generally, we have the following result. 
Theorem 14. Suppose the universal cover E of M is j-connected. Then 
Hi(M) 21 Hi(nl(M)), for 1 6 i < j + 1, 
so that the cohomology of the group may be partially determined from the intersection 
lattice of the arrangement. 
Let us apply these results to generic sections of arrangements. We start with an 
Eilenberg-MacLane arrangement A' = {Hl , Hz, . . . , H,} in dimension .!. We take k 
generic sections in succession of this arrangement o obtain an (e - k)-arrangement. We 
denote the complement of this new arrangement by M(k), and note that 
nj(M(k)) rv 0 for 2 6 j 6 e - 3 - k, 
by the result on generic sections (Theorem 2), applied k times. Thus we have the fol- 
lowing 
Theorem 15. Suppose that M(k) is the complement of a k-fold generic section of an 
Eilenberg-MacLanearrangement. Then Hi(7rl (M(k))) N Hi(M(k)), for i 6 ([-2)-k. 
Proof. The universal cover of M(k) is (a - 3 - k)-connected. 0 
This theorem may be useful in deciding if a particular arrangement is a generic sec- 
tion of an Eilenberg-MacLane arrangement, since one may quite often write down a 
presentation for ~1 (M) and analyze the group homology (see, for example, [3]). 
Of course, this result always holds for i = 1,2. It is reasonable to ask what happens 
for the third cohomology of the group 7r = YTI (M) in the general case. 
Theorem 16. There is an exact sequence 
H3(M) --) H3(7r) + n;(M) -+ 0. 
Proof. This follows from the Cartan-Leray spectral sequence of the universal cover z 
ofM. 0 
Example 17 [ 131. Consider the three-arrangement defined by syz(z + y - z). We have 
noted earlier that Hattori showed 7r; (M) cv 2. Since 7r is free abelian of rank four, one 
has Hi 2~ Z4. A direct computation shows that the PoincarC polynomial PM(~) = 
1 + 4t + 6t2 -t 3t3, so that H3(M) has rank three. 
Consider next the three-arrangement defined by zyz(y+z)(z-z)(2z+y). One may see 
directly that this arrangement is nonaspherical by a modification of Hattori’s technique. 
Arvola [3] has shown that for this arrangement, H3(7r) is of infinite rank, as is r;(M). 
This particular example was mentioned in an earlier version of this paper because it has 
the easily-proved property that there is no aspherical arrangement with the same lattice 
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in rank one and two. Arvola’s proof for Ha involves a detailed analysis of the group 
homology of YT, with perhaps the key observation being that 7r admits a surjection onto 
the integers with a nontrivial action on the kernel. 
5. Central arrangements in dimension three 
In this last section we wish to consider the special case of arrangements in dimension 
three. We show that whether or not A1 is an Eilenberg-MacLane space is determined 
solely by properties of the fundamental group ~1 (Al). 
Now the nonzero complex numbers C* act freely on M c ((~1, ~2, ~3) 1 zi E C} by 
t (~1.23: 23) =. (tzl, tq,tz3). We let B = M/C* be the quotient; we may regard B as 
a subspace of complex projective two space, or as an affine 2-arrangement (consisting 
of lines not necessarily through the origin in C2; see [ 17, p. 1.581. We note that by the 
long exact homotopy sequence of the fibration C* 4 A1 + B and the fact that C* 
is aspherical, we have A4 aspherical if and only if B is aspherical. Also, B has the 
homotopy type of a two-dimensional complex (as may be seen by noting that B has the 
Milnor fiber of the defining polynomial of the arrangement as an Tz-fold cover; by [ 151 
this fiber has the homotopy type of a two-complex). Finally, the fibration C” + A4 + B 
is actually a trivial fibration, so that ~11 = B x C*. This may be seen by noting that the 
fibration is the restriction of a bundle over complex projective two space with a single 
line removed, and that this latter space is contractible. 
5. I. Group cohomolog> 
Definition 18. We say that a group 7r is type FL provided that the integers 2 (as a trivial 
Z(n)-module) have a finite resolution by finitely generated free Z(r)-modules. 
Theorem 19. Let M he an arrangement complement in dimension three. Then M is 
aspherical if and only if the cohomological dimension of r = ~1 (M) is three and r is 
of’ type FL. 
Proof. We first note that nf is aspherical if and only if B is aspherical. Also, the 
conditions are clearly necessary; the chain complex of the universal cover provides the 
required resolution. 
So suppose that 7r is of type FL and has cohomological dimension three. Since rr !Y 
~1 (B) x Z, we can conclude that 7rt (B) is of type FL and has cohomological dimension 
two. In addition, the same proof as for hl shows that the Hurewicz map on B is the 
zero homomorphism. Therefore, from the Hopf sequence for B we have 
H3(B) + H3(7@)) --j n;(B) + H2(B) 4 ff2(“) + 0. 
Thus $(B) E 0. The proof that this implies that 7r2(B) = 0 is as in [ 111. We will 
sketch the details. 
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We first show that 7r~(B) is a projective Z(r)-module: Let X be the universal cover 
of B. Then 
H*(X) N 7Q(X) N 7r*(B). 
The exact sequence 
0 + H*(X) + H2(X2>X1) + H, (x1,x0) -+ Ho(XO) -+ z -+ 0. 
follows from the cellular chain complex of X, as used to compute the homology of X. 
Since Ht (X) N 0, the sequence is exact at Hi (X’, X0). Since X has the homotopy 
type of a two-complex, H2(X) ? ker(Hz(X*,X’) + Hl(X’,X’)), and the sequence 
is exact at Hz(X*,X’). Since the cohomological dimension of K](X) is less than or 
equal to two and since the three interior terms of the above exact sequence of the above 
are free, we may apply Proposition 1.2 of [7] to conclude that Hz(X) is projective. 
Thus Hz(X) e 7r2(X) rv 7r2 (B) is stably free: 7r2 (B) $ Fi z FZ for finitely generated 
free Z7r-modules F, and Fz. Finally, by [ 14, p. 1221, 7r2(B) rv 0. q 
Corollary 20. When e = 3, whether or not an arrangement is aspherical depends solely 
on the fundamental group of the complement. 
Proof. Both the cohomological dimension and the FL property are group-theoretic. q 
Example 21. Earlier we considered the three-arrangement defined by zyz(y+z)(r-z) x 
(22 + w). As mentioned, Arvola [3] has shown that for this arrangement, Hi is of 
infinite rank, hence so is nz (M). Thus the arrangement is not type FL. 
5.2. Generic sections of three-arrangements 
Let us finally consider a very special case, in which we take a generic section of a 
three-dimensional arrangement. Then Theorem 2 tells us that the homomorphism 
j, : 7rj (M”) + Tj (M’) 
is 
(i) an isomorphism for j < 1, and 
(ii) an epimorphism for j = 1, 
where M” is associated to a central two-dimensional arrangement, and hence has fun- 
damental group isomorphic to the fundamental group of an (n, n)-torus link (the link 
comprised of n parallel (1, 1) curves on a torus). This group is the product of the integers 
with a free group of rank n - 1. See [17, Proposition 5.61. 
Indeed, the space M” is actually homeomorphic to the product of the complement of 
this link with a copy of the real numbers. The (n, n) torus link is unsplittable, so that 
rz(M”) Y 0 by the sphere theorem. One may also see directly that the complement of 
this torus link is aspherical by noting that the complement fibers over the circle with 
fiber a punctured surface. Then the long exact homotopy sequence of a fibration gives 
the result. This gives an exact sequence 
0 --t 7r*((M’) + 7r@‘,M”) + 7ri (M”) + 7ri (M’) --+ 0. 
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